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Abstract

The extended growth curve model is discussed in this paper. There
are two versions of the model studied in the literature, which differ
in the way how column spaces are nested. The nesting is applied
either to the between-individuals or to the within-individuals design
matrices. Although both versions are equivalent via reparametrization
the properties of estimators cannot be transferred directly because of
non-linearity of estimators. Since in many applications the between-
individuals matrices are one-way ANOVA matrices, it is reasonable to
assume orthogonal column spaces of between-individuals design ma-
trices along with nested column spaces of within-individuals design
matrices. We present the maximum likelihood estimators and their
basic moments for the model with such orthogonality condition.

Keywords: Extended growth curve model; maximum likelihood estima-
tors; orthogonality; moments

1 Introduction

In this paper, R(A) denotes the column space of a matrix A, r(A) its rank,
and Tr(A) its trace. P4 = A(A’A)"A’ and Q4 = I — P4 denote the orthog-
onal projection matrices onto the column space R(A) and onto its orthogonal
complement, respectively. P§ = A(A’'BA)~A’B and Qf = I — P% denote cor-
responding projection matrices in the metric given by a positive definite matrix
B. If A is a random matrix then the variance-covariance matrix Var[A] is defined
as Var|[vec A|, where vec is the column-wise vectorization operator. Symbol ® de-
notes the Kronecker product. Symbol Hj:i A, for j < i denotes decreasing-indices
product A;A;_1...Aj 1A of a sequence of matrices.
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This paper deals with the model known as the extended growth curve model
(EGCM) with fixed effects (also called the sum-of-profiles model):

k
Y =) X;BZ+E, vec€~Npyp(0,X®1L,). (1)
=1

where Y € R™*P is a matrix of independent p-variate observations, X; € R™*"i
and Z; € RP*% 4 =1,...,k, are between-individuals and within-individuals design
matrices, respectively. B; € R%*" 4§ =1,...,k, are matrices of unknown param-
eters. The matrix £ is a matrix of random errors whose rows are independently
normally distributed with unknown common covariance matrix 3 > 0.

This model was introduced by Verbyla and Venables [9] as a generalized version
of the growth curve model (GCM), which has only one profile, i.e. Y = XBZ'+E.
They gave several examples how this model may arise. Since the maximum like-
lihood equations cannot be solved explicitly in this model, they also discussed an
iterative algorithm for obtaining the maximum likelihood estimators (MLEs). Von
Rosen [6] derived the explicit MLEs of unknown parameters under the additional
nested subspace condition of between-individuals matrices

R(Xp) C--- CR(X4), (2)

while nothing is said about different within-individuals matrices Z;’s. Many results
have been presented assuming this condition, such as uniqueness conditions for
MLEs or moments of estimators (see e.g. Kollo and Rosen [3]). However, there are
situations where the column spaces of between-individuals design matrices should
be disjoint or at least the intersection should be as small as possible. Filipiak
and Rosen [1] discussed the model with the nested subspace condition of within-
individuals design matrices

R(Zy) C---CR(Zy) . (3)

The conditions (2) and (3) lead to different parametrizations of model (1), however,
Filipiak and Rosen [1] showed that via reparametrization one can derive model with
condition (3) from model with condition (2) or vice versa, i.e. the two models
are equivalent. Let us refer the model with condition (2) as Model I, and with
condition (3) as Model II. Because of non-linearity of estimators the properties of
estimators from one model cannot be transmitted directly to the other one. In
Model II Filipiak and Rosen [1] gave also the MLEs of unknown parameters for
the three component model and they discussed the uniqueness conditions and the
moments for MLEs.

Hu [2] came up with a modification of Model I, assuming that the column
spaces of between-individuals design matrices are orthogonal, i.e.

XIX; =0 Vi#j, (4)
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while no ordering among R(Z;)’s is assumed. His idea is to separate groups rather
then models. The idea is illustrated in Example 1. This example also demon-
strates that it is very natural to assume the nested subspace condition of within-
individuals design matrices Z;’s in the case of orthogonal between-individuals de-
sign matrices.

Example 1. This is Example 4.1.2, p. 374, given in Kollo and Rosen [3]. Let
there be 3 treatment groups of animals, with n; animals in the jth group, and each
group is subjected to different treatment conditions. The aim is to investigate the
weight increase of the animals in all groups. All animals have been measured at
the same p time points (say t,, r = 1,...,p). The expected growth curve for each
treatment group is supposed to be a polynomial in time, and the groups differ by
the order of the polynomial. Thus, the means of the three treatment groups at
time t are

My = By +But+--+ IB(q—2)1tq_37
Ho = Bio+Bypt+--+ ﬂ(q—z)th_3 + ﬂ(q—1)2tq_2, (5)
M3 = Bzt Pt + -+ ﬂ(q—z)gtq_3 + ﬂ(q—1)3tq_2 + Byt
In order to describe these different responses, we can use the model
Y = X1B1Z] + XoBoZ), + X3B3Z; + £, (6)

where Y, ., is the observation matrix, £,,x, is the matrix of random errors and
the remaining matrices are defined as below:

1., 0 Op, 0n, Op,

0,
Xl = On2 1n2 On2 ) X2 = 1n2 On2 ) X3 = 0n2 )
Ony Opny 1Ln, Ons 1, 1o,
Bu Ba - Bg—a2n B 11
By = (B2 Ba -+ By-22|> B2=<B(q_1)3>, B;s = (8) .
Bz Bas -+ B(g-2)3 (@=1)
1t - t?‘z t?‘i t‘{_i
1 ty --- tI7 tI 1
Z, = . Ll Ze=| 0|, Ze= |
1 t, -t 42 4!

This is clearly Model I, since R (X3) € R (X2) € R (X;). Notice that it is not
possible to model the mean structure with only one component, i.e. single-profile
GCM. We say that Model 1 separates models, since every component contains
polynomial growth of different order.

The same mean structure (5) could be modeled by model (6) with the following
matrices:

M)

O, 0
Xl - Onz 5 X2 = 1n2 5 X3 - On
Ons 1
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B, = (Bu Ba - B-21),
By = (B2 B - B2z B-12)
Bs = (B13 B2z - B-23 Bu-13 Bg),

tyooee 970 1oty - 978 2
-3 q—3 q—2
ty oo td 1ty -t 1]
7, = s Zy = )
1 t, -t 1ot, - 3% 4872
1t - t‘{:i t‘{j t‘{j
7. _ ty - I T 4l
3 =
"3 g-2 g1
1oty -+ 7 7 1]

Here we have a model similar to Model II but with opposite order of spaces, since
R (Z1) C R(Z2) C R(Z3). We say that this model separates groups (or treat-
ments), since each component models growth of only one group of observations.
Moreover, the column spaces of between-individuals matrices in this model are
orthogonal, i.e. X;X; =0 for i # j.

The model with assumption of nested column spaces of within-individuals de-
sign matrices and with an additional assumption of orthogonal between-individuals
design matrices will be referred as Model III:

k
Y =) X;BZj+E, vec(€) ~Nuxp(0,2®1,), (7)
=1
XiX; =0 Vi#j
R(Zy) C--- CR(Zy).

In order to have all parameters of interest estimable, we also assume that
n>Yr (X)) +p.

ECGM with Hu’s condition, i.e. Model III, is much easier to handle in the case
of known variance-covariance matrix 3. To illustrate the situation, let us look at
two components Model I. If X1, Xy, Z1, Z5 are of full rank and R (Z1)NR (Z3) = 0,
then closed form of unbiased least-squares estimators of By, Bs is known to be

B, = (X/X;) ' X\YS'Z, (Z27'2Z) ' -

/ 1t Zle?? / -1 I s—1rp \—1
— (XX,) T X Py, Y (P, 517, (2572,) 7"

By = (X4Xs) " X4YS 12, (2’22*@%{ 122)_1 :
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see Zezula [10]. The situation is much more complicated for more than two com-
ponents. On the other hand, explicit form of the least-squares estimator of all B;’s
in Model III with arbitrary number of components is known to be

B - (i) X(Yz 'z, (25 'z,

see [2].

The aim of this paper is to present results for Model III. We derive the max-
imum likelihood estimators of unknown parameters as well as basic moments of
these estimators. The benefit of Hu’s condition appears mainly in deriving the
variances of estimators of location parameters, since the maximum likelihood es-
timators do not depend on each other (as is the case in Model I and Model II).
Also, these variances in Model I and Model II are known only for three component

model, while we are able to solve this task for general k-component model in Model
I1I.

2 Maximum likelihood estimators

The maximum likelihood estimators of unknown parameters B;, i = 1,...,k, and
3 for Model I are given in Kollo and Rosen [3], Theorem 4.1.7. For Model II
Filipiak and Rosen [1] derived the MLEs only for the three component model.
The next theorem shows the MLEs in Model III.

Theorem 1. Let us consider Model III, and denote X = (X1,Xo,...,Xg). The
mazximum likelihood estimators of unknown parameters in this model are

B; = (X/X,)” X{YS;'2, (Z/S7'Z;)” +
+Gi — (XiX:)"XiX:G.Z;S;  Z,(2;S;' Z,) ™,

k ! k
n = (Y - ZX@ZQ) <Y - inﬁiz;> =
i=1 =1
k g1 g1 !
=81 +) Q) YPxY <QZ’§. > :
i=1
where Gy, i = 1,...,k, are arbitrary r; X q; matrices, S = Y'QxY and S; =
st s\ )
Si-1+Q; \Y'Px, | Y <inll> fori=2,... k.
Proof. The likelihood function equals

L(By,...,By, = Y) = (21) 2 |72 x

— k ! ! k !
_éTr|:E 1(Y_Z Xz-B,L-Zl) (Y_;1 Xz-B,L-Zi)}
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Differentiating the log-likelihood In L with respect to unknown parameters and
setting this derivatives to zero, we get MLE’s as the solutions of the following
likelihood equations:

0 = X/ (Y-XBZ)X'Z;, i=1,...,k, (8)

k ! k
(Y -y XZ-BZ-Z2> <Y - ZXZ-BZ-Z§> : (9)
i=1 =1
According to Puntanen et al. [5], Theorem 11, p. 267, the general solution of
equation (8) is:
B, = (X/X;)” X|Y='Z,(Z;27'Z;)” + (10)
+G; — (XIX) ™ XIX,G,Z: 272,227 Z)

n

where G; is arbitrary matrix of appropriate order.
Since the column spaces of matrices X; are orthogonal, it holds Px =
Zle Px,. Then we can rewrite the equation (9) as

k
nS =81+ (PxY-X;BZ) (PxY - X;BZ]),
i=1

where S; = Y'QxY, and replacing B; by formula (10) we obtain
k
_ _ /
nE =8+ Q% YPxY (Q% 1) . (11)
i=1

Because of nested subspace condition R (Z1) C --- C R (Zy) it is easy to see that
<Q§;1>/E_1Z]~ = 0 for j < i. Therefore we first multiply (11) by £7'Z; and we
obtain nZ; = S1X"'Z; which is equivalent to

> 17, = nS;'Z;.

Replacing this expression into (11) we have

k
2=+ 3 Q% YRy Y (QF )
1=2

-1 —1\'/
where So = S; + lel Y'PxY (Q;ll > . Now we multiply last expression by

>"1'Z, and obtain X7'Zy = nS2_1Z2. Continuing this process we finally obtain
that
17, =nS71Z;, i=1,2,...,k, (12)

-1

51 51\’
where S; = S;_1 + QZZ:Y/PXiAY < ZZi) fori=2,...,k,and S; = Y'QyY.

Finally replacing (12) into (10) and (11) we obtain the desired result for B; and
n3. U
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It is obvious that & is unique. However, estimators ]§Z are not. For the
uniqueness conditions in Model I see e.g. [8, 3] and for Model II they are given
only for three-component model in Filipiak and Rosen [1]. For Model III the
uniqueness conditions are given in the next theorem.

Theorem 2. The maximum likelihood estimator ]A32-, 1=1,...,k, is unique if and
only if X; and Z; are of full rank, i.e. r(X;) =r; and r(Z;) = q;. In that case

B, = (X/X,) ' X/YS;'Z; (2/S;'Z,) ",
where S; is given in Theorem 1.
Proof. 1t follows from Theorem 1 that B, is unique if and only if
G; = (XX;)"X!X;G,Z;S; ' Z;(Z!S; ' Z;)~

for all g-inverses, which holds if and only if X; and Z; are of full rank. O

3 Basic moments of estimators

In the following we will assume that design matrices X; and Z; are of full rank.
The moments of maximum likelihood estimators in Model I are given Kollo and
Rosen [3] and for Model II in Filipiak and Rosen [1]. However, the variance of
estimators were found only for three-component model, since for & components
the calculations are very tedious in general. In Model III the moments can be
derived for general k components model.

Lemma 3. Let A and V > 0 be any p X q and p X p matrices, respectively. Then
(i) PY = (Qy,)"
(i) P = (i)’
(iii) VI =A(A'VA)" A'+V71Q, (Q V'Q,) Qv

Proof. Let start with (i). Following Markiewicz [4], proof of Lemma 1, it is easy
to see that Pv—l/ZAV1/2QA = 0. Then

Puisg, = V2Q4(QaVQ4) Qu VY2 =
= (I—Pyo124) V2Qu (Q4VQ,) Q. VY2 =
= (I=Py-124) Pyipeg,

However, since r <V1/2QA> =n-—r <V_1/2A) it follows that

Pyipg, =T —=Pyizy) =Qp-124
Qa
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which is equivalent with Py—1/24 = Qy1/2¢p,- Then
P, = A(A'VT'A) AV =
— v2y-l/2p (A/V—1/2V—1/2A>_ AV-L2y-1/2
— Vl/ZPV*l/QAV_1/2 — V1/2QV1/2QAV_1/2 —
— 1— V1/2V1/2QA (QAV1/2V1/2QA>_ QAV1/2V—1/2 _

— /!
= I-VQ,(QiVQ4) Q.= (Qp,) -
Similarly, (ii) can be proved. For (iii) observe that A (A’'VA)” A’ = P{ VL
Then using (i) we have
1y N
A(AVA) A = (Qh)vii=viio(Ph ) vi=

= VI-vlQu(QaVv Q) QuVvh
[l

Lemma 4. Let us consider Model III, and define W1 = 2_1/2812_1/2, W,; =
W, 1+ N, fori=2,...,k where S; = £ QxE and N; = L™V2E'Py 571/,
Then,

k
Win W, (n=> r(X;),I,| Vi=1,..k

J=1

Proof. Denoting H = EX7Y/2 it is easy to see that H ~ Nuxp (0,1,,1,), ie.
vecH ~ N(0,I, ® I,). Then it is obvious that

Wi=HQH~W, [n-> rX;),I,|.
j=1
Observe that denoting T; = Qx + Z;;ll Px,=1,— Zf:z Px, we can write

i—1

W, =H'QyH+ ) HPxH=HTH (13)

j=1
for i = 2,...,k. Since matrix T; is symmetric and idempotent with r (T;) =
n— Z;LZ r (X;), the result follows. O

Lemma 5. Let us consider Model III with W1, ..., Wy defined as in Lemma 4.
Let D; = 21/2QZZ_, 1=1,...,k. Then for any i, j, such that 1 < j < i < k, it
holds

o (i et pim opwimy o (i) - ()] -

= djdj+1 e di_lci,
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"_Zf:ﬁq T’(Xl)—T(Dj)—l and ¢ — T’(DL)
n=>21;r(Xi)=r(D;)-1 b (X)) (D) -1

Proof. Tt is clear that D; is a p X p matrix of rank r (D;) = p — r (Z;), thus it is
not of full rank. However, D; (D;W,;D;)” D;W; is a projection matrix and such
a matrix depends only on the column space, therefore matrix D; can be replaced
by any A; € RP*"(Pi) such that R (D;) = R (A;) and

where d; =

D, (D/W,D;) D, = A; (A/'W;A,) ' AL

This implies
o ([l P, 0wy b (o) '<P%Vf‘>']> )

Aj+1

WL' W; -1 W /
=Tr (E |:PAi “'PAjillAj (A;WJAJ) A; (P J+1) B

1) a9

Since the column spaces of Z;’s are nested, we have R (Ay) C --- C R(A).
Therefore for any 1 < j < k there exists matrix U; such that A1 = A;Uj. Let
us denote

K; = (AQWJ+1A]')_1/2 (ATW;A;) (AZ'WJ+1AJ')_1/2

Lemma 4 implies that AW;A; ~ W’I‘(A]‘) (n— Zf:j r(Xl),A;Aj) and it is
independent of AJH'Px HA; ~ W’I‘(A]‘) (r(X;), AZA;) due to the orthogonal-
ity of column spaces of X;’s. Since W;, 1 = W; + H’PXjH, it follows that
K; has a multivariate beta distribution of type I (see e.g. Kollo and Rosen [3],
Theorem 2.4.8 and Definition 2.4.2, p. 248-249). Then E [K;l} = d;I, where

Sk, (A
d; = n ZZ’:?“ (g)l) ((AA;) 11 (see e.g. von Rosen [7], Lemma 2.3 (vi)). Taking
n—=>2;r(&e)-r(A;)—

only the middle part of the right hand side of (14) we may write

PLTIA; (ATW;A) T A (PAJH)':

j+1

= A (A WA L) T U (AW 44) P K

1/2 1
X (AFW18) 2 U (A Wi Ay) A
According to Kollo and Rosen [3], Corollary 2.4.8.1, p. 250, K; is independent of
AW 1A;. Then K; is also independent of AW ;A for [ > j + 1, since there
exist matrix Uj ;1 such that

-1
WA =T | AW, A+ AH > Py HA; | Uy,
s=j+1
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and W, and H' le_::; 41 Px H are independent. Thus, denoting

9

. W, -1 1/2
C =Pl P A (A Wi Ay) T Uj (AW, 4,) "

C is independent of K; and therefore

J+

o (B[P A (agwiay) Ay (R (R ] ) -
T (E [CK]-_lC'D —Tr (E {Kj—lc’CD =Tr (E [Kj_l} E [C,C]) =
— 4, e (B[C/C)) = d Tr (B [CC]) =

R 1
=d;Tr <E [PVAVZ PN A (A Wi Aj) T Ay X

ety e2)])

We can repeatedly apply the same technique, and at the end we obtain

Tr <E [PVAV; - PRTAG (AWA) T A (PZVJJ;':)’... (pZVZ_z-)’D _
= djdj+1 . di—l Tr <E |:Az (A;WZAZ)_l A;]) =
r(A;)
1 .
n— Y (X)) —r(A) — 1

= djdj_H coodi_

where the last expectation is due to Theorem 2.4.14 (iii) from Kollo and Rosen
[3], p. 257. The result follows since 7 (A;) = r (D;) for all 1. O

Theorem 6. B, is unbiased estimator of Bi,i=1,...,k, ie. E[ﬁl] = B;. The
variance of the estimator is

i—1
+ Z(dj — 1)dj+1 coodi10 X

=1

vir[B] =1+ (12

x (2iz;) ' 2,Z; (2,37'2,) " 22, (z;zi)‘1> ® (X/X;) ",

- br(Z:) s r(X) pe(Z)
where ¢; = T (X)—pr(Z) and d; = n—Zf‘;j X (Z) 1 for 1 <
j<i.
Proof. First observe that Sq,...,Sy could be written by means of residuals, i.e.

S =E&'QxE,

i—1

st s\
S, :Si_1+QZ::118/PXi71£ < ZZ_1> , 1=2,...,k.
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Then it is easy to see that
B, - B, = (X/X,) ' X/£S;'Z; (Z/S;'Z:) . (15)

From Kollo and Rosen [3], Theorem 2.2.4. (iv), p. 196, it follows that X;€ and S;
are independent, therefore

BB, - B| =B [(XX;) ' Xi£| - B[8]'2 (257'Z) '] =o.

Now, let us derive the variance of ]A32 Using (15), Lemma 3 and the properties
of vec operator we have

= — —1 _ _ _ —1 _
Var [Bi| =B |(Z;87'2:) " 2873872 (2;87'2:) | @ (XIX,) ' =
— (2Z,) ' ZE [P?; s (P?

%

>/] 7 (ZiZ:) ' o (XIX;) T =

(Z;Zi)_l ZQE [(Q%ZL)/ EQ%ZZ'] Z; (Z;Zi)_l ® (X;Xi)_l =

1<

(2/Z)) " ZiFiZ; (Z0Z:) " o (XiX,) 7T (16)

First let ¢« = 1. Since S1 ~ W, (n - Z§=1 r(X;), Z), via calculations similar
to Kollo and Rosen [3][(4.2.13)-(4.2.23), p. 412-413] we obtain

Var [Bi| =B [(Zi87'2:) 7 ZiST' =872 (Z1857'2:) | @ (X(X) ' =
n-— Z?:ﬂ"(xj) —1
=35 (X)) —ptr(Za) 1

Now let ¢ > 1. Let us define

1

(z27'2:) " @ (X)X,) 7

Vl — 2_1/2812_1/2,
Vier ) Vi1 ;
and V; = V| + (PDH) N Py, fori=2,... k

where N; = 2_1/28/Pxi8§]_1/2 Vi as in Lemma 4, and D; = 21/2QZ1~ Vi as in
Lemma 5. Then, we can re-write the expression for F; as

F, — S—F [(P%’Z)/E] _E [ngiZj +E [(Pgizi)lngizj _
- n-x? (E [Pg’i]/ +E[P}] - [(Pg‘i)’Pgi]) /2

Since R(Dy) C --- C R(Dy), for any regular matrix A we obtain

D/V,.D, = D/W,D;, (17)
D;V,D; D/W,D,_1,
PAD; = D;, Vj>i.
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Using these relations we can write

P}, = D;(D/V,D,) D/V, =D, (D;W,D;)” D} x
X (Vi_l +N; 1D, 1 (D), W, 1D, 1)~ Dg_lVi_1> -
— D, (D/W,D,;)” D) x
x (1 + N, 1Dy (D), Wi_1D; )~ D;_1> Vi1 =
= D;(D;W;D;)” D] x
X (I+ N, 1D; 1 (D} W, 1D; 1)~ ;_1> (PLV;;l >/VZ-_1 -
= D;(D;W;D;)” Dj x
X (1 + Ny 4Dy (D) W, 4D, )~ D;_1> Vi Pyt =
— D;(D/W,D,) D/V,D;_; (D} ,ViiD;_,) D} Vi1 =
— D, (D/W,D;) D)W.D,_; (D]_,V, \D;_1) D Vi =

WipVi-
= PRP;. (18)

Then, using (13) we get for any 2 < j <1

Vi _ pW,ipWi- W; Vj _
PD,L- (PDjfl - PDj) - PDiPDi,ll ) "PDj:PD]j (PDjfl - PDj) -
j
W pWi- W; W _ 4% _
- PDiPDi—ll o PD;:JPD; (PDjfl - PDJ) = HPD; (PDy‘fl - PDJ) -
=i
J
_ HDl(DgH’TlHDl)—DgH’TlH (Pp,_, —Pp,).
=i

Since H (ijf1 — PDj) is independent of HD; for any [ > j, we have

E [Pgi (PDjfl - PDJ)] -

J
=E [H DI(D;H/TIHDI)_D;H/TI E [H (PDJ;1 — PDj)] =0. (19)

=i -0
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Similarly since V1 = W1 and HQp,, is independent of HD; for all i > 1 we obtain

[ 1
: W
EPjQp| = E|[[PhQn,| - (20)
j=i

1
= E |[[D;(D/H'T;HD,) D/H'T;HQ), | =
=i

1
= E |[[D;(D;H'T;HD,)"D/H'T; | E [HQp,] = 0.
J=i 5

It is easy to see that PgiP p; = Pp,, therefore
E [PY;Z_PDZ.] —Pp,. (21)

Observe that I = Pp, + Z;ZQ (Pp,_, —Pp,) + Qp,. Therefore, using (19),
(20) and (21) we obtain

B[P} = E[PﬁPDi]Jrzi:E[Pﬁ (Pp,., —Pp,)| +E[P}Qp,| =
=2
- Pp.

(3

/
Let us now look at (Pﬁ) Pgi. Since PﬁPDi = Pp, and PD@'PEZ = PY;Z_, it
holds
!/
E |:PDi (P%) PgiQD1:| =E [PgiQDl} =0.

Using similar principle as in (19) and (20), we obtain
!/
E |:(PDJ1 - PDJ) (sz> PngDl] = 07 j = 27 ... 7i7
/
E {(PD],1 ~Pp,) (Pﬁ) PgiPDi] —0, j=2,...,i,

!
E [(PDM ~Pp,) (Pﬁ) PY (Pp, , — PDk)] —0, kj=2,....0k#]
Therefore we can write

5[ (P5) PE] = [Po. (P5) PEPn +
+ XZ:E [(PDjl - PDj) <Pgi>,PY)ii (PDjfl - PDj) +
j=2

+E [QDl (PY;Z,)/PY;Z,QDJ . (22)
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/
Trivially, E {P D; (Pg) Pg’iP Dz} = Pp,. Using (18), we express the last term as

A / . : _
Qp, (P},) P}Qp, = Qp, [ H'T;HD;(D/H'T,HD;) D) x
j=1
1
x [ [ D;(D;H'T,;HD,) D;H'T;HQp,.
j=i

Since HQp, is independent of HDj, j =1,...,k, and T = Qx, using Lemma 5
and Theorem 2.2.9 (i) of Kollo and Rosen [3], we may write

/
Qp,E {(Pﬁ) Pﬁ] Qp, =E|Tr | D;(D|H'T,HD,) D H'T; T:Hx

x D;(D{H'T;HD; )~ HHT HD;(D,H'T,;HD;) D/;x
j=2
2
x || D,;(D;H'T,HD,) D/H'T;H | | Qp, =
Jj=t

=E|Tr Dl(D/1W1D1)_D/lwlDl(D/lwlDl)_D/l><

1;[ > HP Qp, =

=E {Tr HP /D1 (DyW1D1)~ H( > Qp, =

di— ICZQDl (23)

It can be obtained in a similar way for j = 2,...,1

!/
(P, ~Po,) 8| (P ) Pl | (Po,., - Pb,) =

=E

W, W; W; !
Tr <PDZ_ - P}D; (DjW,;D;) D <PDT11> (PDi) )]x

X (PD];1 — PDj) = djdj+1 N dz’—lci (PDJ;1 — PDj) . (24)
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Combining (22), (23) and (24), we have
!/
D [(ng) pg@} =

=Pp,+ Y didjy1...disic; (Pp,_, —Pp,) +di...di-1c,Qp, =
j=2

=Pp,+ Y _didj1...diac <QDj - QDj,1> +di...di-1¢iQp, =

j=2
i—1

= PDz‘ +CiQDi —I-Z(dj — 1) dj-i—lu'di—lciQDj' (25)
j=1

Finally, due to (22) and (25) and since Qp, = Py-1/25 and r (D;) = p—1(Z;) for
any it =1,...,k

[ i—1
F;, = 21/2 QD,L- + CiQDi + Z (dj — 1) dj+1 . di—lciQDj 21/2 =
I =1
i i—1
= 21/2 (1 + Ci) PZ*1/2ZZ- —|—Z(dj — 1) dj+1 e di—lciszlﬂzj 21/2 =
j=1

= (1+¢)Z (Z,27'Z) " Z+
i—1
_ —1
+3 (dj =V djsr ... diiZ; (Z,57'25) 2, (26)
j=1

where in d; and ¢; are r (D;) replaced by p — 7 (Z;). Finally, from (16) and (26)
the variance of B;, i = 2,...,k, is obtained. O

Observe that ¢; > 0 and d; > 1 Vi.
The following theorem presents E [f]} in Model ITI. Expectation of correspond-

ing estimators for Model I and Model IT can be found in Kollo and Rosen [3],
Theorem 4.2.9, p. 435, and Filipiak and Rosen [1], respectively.

Theorem 7. Let estimator 3 be given in Theorem 1. Then

k i—1

~ X; _ -

E [z} _ <1+§ :r(n )[(Ci_npgi Y - )djg - diaPY
i=1 Jj=1

).

where ¢; and d; for all i and j < i are given in Theorem 6.
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Proof. Observe that we can write

k 1 N/
nE = S$1+Y.QF YPyY <Q§3 > -

i=1

k
Sz‘ ! / Si
= S1+) (P, ) EPxEP, .
i=1

where S; = £'QxE. Since Px, € and S; are independent, utilizing the first moment
of a Wishart matrix we obtain

k

o[is] = e yn[(ey) eeese e, |-
i=1

k k
3 Y r(X)E [(P%‘Zi)’ EP%‘ZJ _
i=1 1=1
k k
_ <n S (XZ-)) S+ r(X,) SV2E [(Pgi)/ EPE{L} /2,
i=1 i=1

The result now follows from relation (25). O

4 Conclusions

To conclude, the authors would like to stress that orthogonal decompositions are
very useful in all areas of statistics and mathematics. If modelling of a real world
phenomenon allows creating an orthogonal structure, the resulting model can be
expected to have much nicer properties than all others. In our case it is ECGM
Model 11, where we assume orthogonal structure in the ANOVA part (which is al-
ways the case in simple one-way model). Under such assumptions, we have derived
explicit form of MLEs of both the first- and the second-order parameters, and also
their basic moments, in general k profile setting. This is very useful especially for
the comparison of small sample properties of MLEs with other competitive esti-
mators. As a drawback of MLE estimation in this setting can be viewed possible
big bias of 5.
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